In this work we study 2-and 3-body oscillators with quadratic and sextic pairwise potentials which depend on relative distances, |r i − r j |, between particles. The two-body harmonic oscillator is two-parametric and can be reduced to a one-dimensional radial Jacobi oscillator, while in the 3-body case such a reduction is not possible in general. Our study is restricted to solutions in the space of relative motion which are functions of mutual (relative) distances only (S-states). We pay special attention to the cases where the masses of the particles and spring constants are unequal as well as to the atomic, where one mass is infinite, and molecular, where two masses are infinite, limits. In general, three-body harmonic oscillator is 7-parametric depending on 3 masses and 3 spring constants, and frequency. In particular, the first and second order integrals of the 3-body oscillator for unequal masses are searched: it is shown that for certain relations involving masses and spring constants the system becomes maximally (minimally) superintegrable in the case of two (one) relations.
I. INTRODUCTION
The kinetic energy for the n-body quantum system of d-dimensional particles is of the form,
with coordinate vector of ith particle r i ≡ r = ∂ 2 ∂r i ∂r i , associated with the ith particle. The quantum Hamiltonian of n-body problem has the form,
where the configuration space for T is R n×d . The potential V is translation-invariant.
The center-of-mass motion described by d-dimensional vectorial coordinate
can be separated out. After separation of the center-of-mass coordinate, the kinetic energy in the space of relative motion R r ≡ R (n−1)×d is described by the flat-space Laplacian ∆ (d(n−1)) r
. Let M j = j k=1 m k , j = 1, · · · , n − 1. Remarkably, if the space of relative motion R r is parameterized by (n − 1), d-dimensional, vectorial Jacobi coordinates
see e.g.
[1] and also [2] for discussion, the flat-space, (d(n − 1))-dimensional Laplacian of the relative motion becomes diagonal,
where T 0 = −∆ R 0 = − ∂ 2 ∂R 0 ∂R 0 is the kinetic energy of the center-of-mass motion. Note that the first Jacobi coordinate r arrive at the n-body harmonic oscillator as the collection of (n − 1) individual harmonic oscillators,
where ω is the frequency and A i ≥ 0, i = 1, . . . (n−1) are spring coefficients. It is evident that this is an exactly-solvable problem: all eigenfunctions and eigenvalues are known analytically.
It seems relevant to call this system the Jacobi harmonic oscillator. Let us note that if the potential in (2) , (6) is chosen in the form of the moment of inertia V = N i=1 m i r 2 i all spring coefficients become equal to each other and also to a reduced mass of the system, 3] . Thus, in the space of vectorial Jacobi coordinates (4) taking the moment of inertia as the potential leads to the isotropic Jacobi harmonic oscillator. After the center-ofmass motion is removed, the spectrum of (6) is the sum of spectra of individual oscillators. 
Needless to say, the problem (7) is exactly-solvable (ES), its eigenfunctions are the product of individual eigenfunctions and the spectrum is linear in radial quantum numbers. Replacing the individual quadratic potential A j ω 2 (r (J) j ) 2 by the quasi-exactly-solvable (QES) sextic potential, we arrive at the QES anharmonic Jacobi oscillator. It is easy to check that in the (n − 1)-dimensional space of relative radial motion of modules of Jacobi coordinates, or, saying differently, of the Jacobi distances r Since the spectrum of the Jacobi oscillators (6), (7) is known explicitly, their eigenfunctions can be used as the basis to study many-body problems, as was proposed in [1] .
The present authors are not aware of any studies of the Jacobi oscillators per se.
In this work we will explore the case of 2-and 3-body oscillators with quadratic and sextic potentials which depend on relative distances, |r i − r j |, s.f. (4) , between particles.
The two-body harmonic oscillator, see Fig.1 for illustration, is reduced to a one-dimensional radial Jacobi oscillator, while in the 3-body case such a reduction is not possible in general.
II. TWO-BODY CASE
At 1988 it was discovered that both the celebrated quantum one-dimensional harmonic oscillator and renown sextic Quasi-Exactly-Solvable (QES) anharmonic oscillator [4] possess the same hidden algebra sl(2) [5] (for review see [6] ). In different terms, this meant that for the two-body quantum problem with d degrees of freedom of masses m 1 and m 2 there existed a (quasi)-exactly-solvable (sextic) quadratic potential in terms of relative distance r 12 for which finitely-many (infinitely-many) quantum S-states could be found by algebraic means.
Their eigenfunctions were the elements of the finite-dimensional representation space(s) of sl(2) algebra of differential operators. This observation implied that, separating the centerof-mass (3) and then making the change of variables to the Euler coordinates in the space of relative motion,
we wold arrive at the one-dimensional radial Schrödinger equation
where
is the radial Schrödinger operator, which governs one-dimensional (radial) dynamics, while µ = m 1 m 2 m 1 +m 2 is the reduced mass. Note that in the atomic case, when one of masses is large (or even infinitely large, m 2 = ∞) the operator ∆ rad remains in the same functional form,
The equation (8) has finitely-many polynomial eigenfunctions for the quasi-exactlysolvable potential
if N is integer, and infinitely-many ones for the exactly-solvable
potential. This defines a 2-body QES anharmonic oscillator and a 2-body exactly-solvable (ES) harmonic oscillator, respectively, (for illustration see Fig.1 ). It is evident that both The ground state function for N = 0 in (9) is given by
with ground state energy
When A = 0 the anharmonicity disappears and V (qes) = V (es) , the expression (11) becomes the ground state function for the harmonic oscillator potential (10) . Now on without loss of generality we put m 1 = m 2 = 1, thus putting µ = 1/2. Via a gauge rotation, the radial Schrödinger operator H rad can be converted to the one-dimensional
Hamiltonian,
where the effective potential
plays the role of a centrifugal force and ∆ g (ρ) = 4 ρ ∂ 2 ρ +2 ∂ ρ is the Laplace-Beltrami operator with metric g 11 = 4 ρ .
If d = 1, 3 the effective potential vanishes, V eff = 0. For d = 2 the effective potential term is minimal.
It is evident that upon changing ρ to r: r = √ ρ , the Laplace-Beltrami operator in variable ρ becomes the second derivative in r, ∆ g = ∂ 2 r . Making de-quantization, i.e., replacing the quantum momentum (derivative) by the classical momentum,
one can get a classical analogue of (12),
It describes the internal motion of a one-dimensional body with coordinate dependent tensor of inertia (g 11 ) −1 while the center of mass is kept fixed. In r-variables we arrive at All trajectories for both potentials (9), (10) are periodic, and both QES and ES periods can be easily found.
The QES radial Schrödinger operator H rad with the potential (9) can be converted into the algebraic operator by making the gauge rotation,
c.f. (11) ,
One can check that the operator h (qes) has a single finite-dimensional invariant subspace
which coincides with the finite-dimensional representation space of the Lie algebra sl(2) of the first order differential operators
Thus, the operator h (qes) (15) can be written in terms of sl(2) algebra generators,
Putting A = 0 in (20) we arrive at the exactly-solvable operator
where Ψ (es) 0
is the ground state function and E 0 is given by (17). Thus, the operator h (es) can be written in terms of sl(2) generators J 0 , J − , see (19),
It can be immediately recognized that the operator h (es) (21) is the Laguerre operator.
Hence, the spectral problem,
has infinitely-many polynomial eigenfunctions,
which are the Laguerre polynomials L (α) n with equidistant spectra ǫ n = 4 ω n .
III. THREE-BODY CASE
The general quantum Hamiltonian for three d-dimensional (d > 1) bodies of masses m 1 , m 2 , m 3 with translation-invariant potential, which depends on relative (mutual) distances between particles only, is of the form,
see e.g. [7, 8] , where ∆ (d) i is d-dimensional Laplacian of ith particle with coordinate vector
is the (relative) distance between particles i and j, r ij = r ji . Separating the center-of-mass
(3) and then making the change of variables in the space of relative motion to generalized Euler coordinates (three relative distances (25) and (2d − 3) angles) (r 1 , r 2 , r 3 ) → (R 0 , ρ 12 = r 2 12 , ρ 13 = r 2 13 , ρ 23 = r 2 23 , Ω) , we arrive at a three-dimensional radial-type Schrödinger equation [8] [
c.f. [7] , and 1
is the inverse reduced mass, which governs three-dimensional (radial) dynamics in variables r 12 , r 13 , r 23 . The operator
is, in fact, the three-dimensional, radial Schrödinger operator, see [8] . It can be called three-dimensional radial Hamiltonian. One can show that for the potential
the equation (26) has infinitely-many polynomial eigenfunctions, where ω > 0 and ν 12 , ν 13 , ν 23 are certain positive mass-dependent parameters, see below. Note that as for the onedimensional case d = 1, the 3-body problem with potential (29) was analyzed in [9] . Here, we consider the general case d > 1.
FIG. 2. Three-body harmonic oscillator chain
A further remark is in order. The potential (29) is nothing but a three-dimensional anisotropic oscillator in ρ-variables, hence, in the space of relative motion, see Fig.2 . The corresponding configuration space (the physics domain) is confined to the cube R + (ρ 12 ) ×
More explicitly, it is given by the condition 2( ρ 12 ρ 13 + ρ 12 ρ 23 + ρ 23 ρ 13 ) − (ρ 2 12 + ρ 2 13 + ρ 2 23 ) ≥ 0 , stating that the square of the area of the triangle formed by the particle positions must be greater or equal than zero. Now, it is easy to check that the ground state function in (28), (29) is given by
where a, b, c ≥ 0 have the meaning of spring constants, with the ground state energy
which is mass-independent. Here
After a gauge rotation of (28) with gauge factor Γ = (2 ρ 12 ρ 13 + 2 ρ 12 ρ 23
the radial Schrödinger operator H rad (28) is converted to a three-dimensional one-particle
Hamiltonian [8] ,
where ∆ LB is the Laplace-Beltrami operator
Its determinant
is in factorisable form and, in general, is positive definite, while V (eff) is the effective potential
, which plays the role of a centrifugal potential. The second term vanishes at d = 2, 4.
Furthermore at d = 3 the effective potential is the smallest function: the second term becomes negative. It must be emphasized that the mass-independent expression (2 ρ 12 ρ 13 + 2 ρ 12 ρ 23 + 2 ρ 23 ρ 13 − ρ 2 12 − ρ 2 13 − ρ 2 23 ), which enters to (33), (36), (37), is the square of the area of the triangle formed by particle positions, see Fig.1 ,
. By making another gauge rotation with Ψ (es) 0 (30) as the gauge factor, we convert the radial Schrödinger operator H rad (28) to an algebraic operator, where the coefficient functions are polynomials,
Here E 0 is given by (31). It is easy to check that (38) preserves the triangular space of
for any integer N. Hence, it preserves the flag P (1,1,1) with the characteristic (weight) vector
(1, 1, 1).
Note that the operator (38) is of Lie-algebraic nature: it can be rewritten in terms of the generators of the maximal affine sub-algebra b 4 of the algebra sl(4, R) realized by the first order differential operators, see e.g. [5, 6] 
where N is a parameter and it is denoted
If N is a non-negative integer, a finite-dimensional representation space appears,
This space coincides with (39). It is easy to check that the space P N is invariant with respect to 3D projective transformations, The spectrum of (38) depends on four integers (quantum numbers) and is linear in quantum numbers. In terms of the generators (40), the algebraic operator (38) takes the form
It is worth mentioning that for arbitrary masses m 1 , m 2 , m 3 the Hamiltoniañ
with the cubic in ρ's potential
corresponds to a primitive QES problem. Here only the ground state functioñ
is known explicitly, with constants A 12 , A 13 , A 23 ≥ 0. The operator (43) has no invariant subspaces except for < 1 >. We are unable to find other QES problems.
For the 3-body harmonic oscillator with potential (29) there are three important physically particular cases defined by values of masses: (i) the case of three equal masses, (ii) atomic like case, when one mass is infinite, (iii) molecular like case when two masses are infinite. and also (iv) the one-dimensional case d = 1. They will be studied in detail.
A. Three particles of equal masses 
c.f. (32). This is a type of non-isotropic 3-body harmonic oscillator with different spring constants. In this case the ground state function (30) is reduced to
while its energy (31) remains unchanged
The algebraic radial Schrödinger operator (38) simplifies to
as well as the corresponding Lie-algebraic operator (42)
It can be shown that the primitive QES problem (43) with potential (44) and the ground state given by (45) does not admit extension to a more general QES problem. [8] . In this case the wavefunction (30) and the corresponding ground state energy (31) take the form
respectively. The algebraic radial Schrödinger operator (48) is given by
or, in its sl(4)-Lie-algebraic form (49),
Now the spectrum of (53) is the following:
where N 1 , N 2 , N 3 = 0, 1, 2, . . . are quantum numbers.
In this case of equal masses and spring constants there exists a true sl(4)-QES extension, described in [8] , where all eigenfunctions are proportional tõ
see (51), thus, the exponential is a second degree polynomial in ρ's. c.f. (46). In general, the limit m 1 → ∞ when keeping m 2,3 finite corresponds to physical atomic systems where one mass is much heavier than the others (for instance, as in the negative hydrogen ion H − (p, e, e) or the helium atom He (α, e, e)). We call this case atomic and for simplicity we put m 2 = m 3 = m.
For the atomic case the ground state function (30) is simplified to
Since the general ground state energy (31) does not depend on masses, it reads
in this case. The algebraic radial Schrödinger operator (38) becomes
while in its Lie-algebraic operator (42) form
For the atomic case m 1 → ∞, the co-metric defined by the coefficients in front of second derivatives in (60)
is proportional to 1/m and possesses a factorizable determinant
which is positive definite (cf. (36)). We emphasize that the operator (60) is threedimensional, all three ρ-variables remain dynamical, see discussion Section III.C.
It can be shown that the primitive QES problem (43) with potential (44) and ground state given by (45) does not admit extension to a more general QES problem as in the case of equal masses but non-equal spring constants.
C. Two-center case, m 2 , m 3 = ∞
In the genuine two-center case two masses are considered infinitely heavy, m 2,3 → ∞, thus, the reduced mass µ 23 also tends to infinity, while the third mass m 1 = m remains finite. Sometimes it is called the Born-Oppenheimer approximation of zero order. It implies that the coordinate ρ 23 is classical (thus, unchanged in dynamics, being constant of motion in the process of evolution, it can be treated as external parameter), while two other ρvariables remain dynamical. The 3-body problem is converted to a two-center problem.
The potential (29) depends on masses, and in order to keep it finite in the molecular limit, we set the spring constant c = 0 from the very beginning. The ground state energy does not depend on masses and is equal to
c.f. (31). The energy is measured from the minimum of the potential (29), V min = V (0) = 0.
In the limit m 2,3 → ∞ the radial Laplacian (27) (as well as the associated Laplace-Beltrami operator) loses the property of invert ability: both 3rd row and 3rd column in (35) vanish as well as the determinant of co-metric D (36). However, the radial Schrödinger operator with potential (29) at c = 0 in the molecular limit is well-defined and finite. In particular,
where now ρ 23 plays the role of a parameter. It must be noted that the same expression is obtained directly from (1), thus before center-of-mass separation, by taking the limit m 2,3 → ∞, then rewriting the first term ∆ 
can be easily found with determinant (mol) ,
we obtain a Laplace-Beltrami operator with co-metric g µν (mol) plus effective potential,
Here,
is proportional to the classical coordinate ρ 23 and vanishes at d = 2, 4. Hence, the matrix g µν (mol) has the meaning of a co-metric. The radial Schrödinger operator (38) in the molecular limit remains algebraic:
Its eigenfunctions φ k 1 ,k 2 are marked by two integer (quantum) numbers k 1 , k 2 = 0, 1, . . ..
They are two-variate triangular polynomials in ρ 12 , ρ 13 and its spectrum ε k 1 ,k 2 is linear in quantum numbers (k 1 , k 2 ) and ε 0,0 = 0. The spectrum of the Hamiltonian (67), is
Note that the operator H (mol) (67) is self-adjoint with respect to the measure
The algebraic operator (42) is also Lie-algebraic of the form
where the J's are generators of the algebra b 3 ∈ sl(3, R) realized by the first order differential operators. Hence, the hidden algebra in the molecular limit is b 3 ∈ sl(3, R), contrary to the general case and all other particular cases, when the hidden algebra is b 4 ∈ sl(4, R). In the present case ρ 23 plays the role of a parameter. Note that the algebra b 3 is six-dimensional (of lower triangular matrices of size 3 × 3), it is spanned by {J 0 11 , J 0 12 , J 0 21 , J 0 22 , J − 1 , J − 2 }. It can be shown that the primitive QES problem (43) with potential (44) and ground state given by (45) at c = 0, see (68) does not admit extension to a more general QES problem. and then separate out (d − 1) angular variables {Ω 23 }. As a result we arrive at
where µ ≡ µ 23 = m 2 m 3 m 2 +m 3 is the reduced mass, m 2,3 are masses of the nuclei, ν 23 given by (32) and L is its two-body nuclear angular momentum and m = m 1 . Now ρ ≡ ρ 23 is restored as a dynamical variable. For simplicity we limit ourselves to the ground state, putting L = 0 and k 1 = k 2 = 0 in the Hamiltonian (75), we get
This difference "measures" the accuracy of the Born-Oppenheimer approximation: it tends to zero as µ → ∞. For the relevant physics case m 2 = m 3 = 1, we obtain the following expansion in powers of the small parameter m ≡ m 1 ≪ 1
As previously observed in the one-dimensional case d = 1 [9] , the Born-Oppenheimer approximation yields the leading term of the expansion of the exact result in powers of m (or the ratio of the electron to nuclear mass) for any d > 1.
E. One-dimensional case d = 1
For d = 1 (three particles on the line), the 3-body system is described by the Hamil-
with the potential V which depends on relative distances
where only two of them are independent. One can separate out the center-of-mass variable (3); then assuming that x 23 is a dependent variable, x 23 = x 13 − x 12 [? ], we arrive at the two-dimensional spectral problem for the radial Hamiltonian
see e.g. [8] . For the case of a 3-body harmonic oscillator, the potential is given by (29) at
with ν's from (32) and x 2 23 = (x 13 − x 12 ) 2 , see [9] . Its final form is V (es) d=1 = 2 ω 2 (ν 12 + ν 23 ) x 2 12 + (ν 13 + ν 23 ) x 2 13 − 2 ν 23 x 12 x 13 .
It corresponds to the radial Hamiltonian
x 12 ,x 13 + 2 ω 2 (ν 12 +ν 23 ) x 2 12 + (ν 13 +ν 23 ) x 2 13 − 2 ν 23 x 12 x 13 .
In is easy to check that the ground state function in (83) is given by
with the ground state energy
By making a gauge rotation with Ψ (es) 0 (84) as the gauge factor, the potential in the radial Schrödinger operator H d=1 (83) disappears and we arrive at the algebraic operator with polynomial coefficients
cf. [10] . Here E 0 is given by (85). This operator has a Lie-algebraic form: it can be rewritten in terms of the generators of the algebra b 3 ∈ sl(3, R) (see e.g. [5, 6] )
where N is a parameter; it is denoted
Explicitly,
cf. [10] .
The algebraic operator (88) does not admit extension to a non-trivial (non primitive) QES problem.
IV. INTEGRABILITY ANALYSIS OF THE THREE-BODY PROBLEM: ARBI-TRARY MASS CASE
Here we present the 1st and 2nd order integrals (symmetries) of the 3-body Hamiltonian in S-state for the case of arbitrary masses. We begin with the classical kinetic energy 
whose Poisson bracket with S 1 vanishes: {S 1 , L 0 } P B = 0. It is easy to check that the L 0 is anti-invariant under the S 3 −permutation group action. The existence of L 0 allows us to separate out one variable in the free Hamiltonian (89). This was carried out in [8] where the "ignorable" coordinate W 3 was separated.
There are three 2nd order integrals that are quadratic in momenta and linear in the ρ coordinates: S 1 , S 2 , S 3 with vanishing Poisson brackets {S j , S k } = 0, 1 ≤ j, k ≤ 3 , S 2 = ρ 13 p 2 2 − ρ 12 p 2 1 + (ρ 23 + ρ 13 − ρ 12 ) p 2 p 3 + (ρ 13 − ρ 12 − ρ 23 ) p 1 p 3 , S 3 = −ρ 13 p 2 2 − ρ 12 p 2 1 + (ρ 23 − ρ 13 − ρ 12 ) p 1 p 2 , see (89) as for S 1 . Thus, the original 3-body free system for S-states is integrable. Note that S 2 is anti-invariant under the S 2 −permutation group action (permutation between the particle 2 and particle 3) only. Besides that there are three 2nd order integrals, those are quadratic in the ρ coordinates,
as well as L 2 0 . Therefore, the original classical free 3-body system for S-states, described by S 1 (89), is maximally superintegrable. Only 5 integrals can be functionally independent in this case, but we have not computed the dependence relations explicitly. Note that among the known integrals there are also three triplets that are in involution:
thus, forming commutative Poisson algebras. The maximal number of integrals in involution is equal to three. In general, the Poisson bracket between two elements of different triplets is non zero. This ends our analysis of integrals of the classical 3-body free Hamiltonian.
If we take the classical 3-body harmonic oscillator by adding to 2S 1 the 3-body oscillator interaction potential
in general, none of the above-mentioned integrals can be augmented to integrals of this new system if the ν's are arbitrary. However, in the special case
(any two above relations imply that the third relation should hold), the L 0 appears as an integral: {H (cl) , L 0 } P B = 0, as do the prolonged S 2,3 :
Furthermore, it can be checked that F 1 , F 2 , F 3 , see above, remain integrals as well. Thus, the classical system H (cl) under conditions (92) is maximally superintegrable. Only 5 integrals can be functionally independent, hence, there must exist two relations between them. Note that if only the condition
holds, then it can be shown that (S 2 , F 2 , F 3 ) are not conserved anymore, the classical system described by H (cl) is minimally superintegrable: the triplet (S 3 , F 1 , L 0 ) commutes only with the Hamiltonian.
As for the quantum 3-body harmonic oscillator, let us consider first its kinetic energy -the radial operator − It is clear that if the condition m 2 ν 13 = m 3 ν 12 , see (93), is imposed the potential becomes defined unambiguously and also becomes w 3independent. Therefore, the 3-body quantum harmonic oscillator H (q) (94) written in w's coordinates admits complete separation of variables. It is worth emphasizing that in this case the problem is minimally superintegrable.
Conclusions
We defined a 3-body harmonic oscillator with pairwise interaction and showed that for S-states -the states with zero total angular momentum -in the 3-dimensional space of relative motion parametrized by squared relative distances, the problem has a hidden algebra sl(4, R) and is exactly-solvable. The eigenvalues are linear in quantum numbers and the eigenfunctions are polynomials in three variables multiplied by a Gaussian function in relative distances. For d = 1 a certain degeneracy occurs: the problem is reduced to a 2-dimensional one and the hidden algebra becomes sl(3, R) acting in the space of relative distances x ij . We have exhibited a new 3d non-conformally flat oscillator system that is separable and maximally superintegrable. Almost all of the structure and classification theory for superintegrable systems applies only to conformally flat spaces, e.g. [11] . Examples on non-conformally flat spaces are relatively rare and thus valuable. The integrability results presented here were derived for arbitrary masses that obey no algebraic relations in general.
It is possible that for some special values of the masses and spring constants additional integrals appear.
A generalization to the general n-body system of interactive (an)harmonic oscillators in a d-dimensional space with d > n − 2 is straightforward, while for smaller d ≤ n − 2 a certain complications occur: in general, the form of ∆ rad is unknown. It will be considered elsewhere. 
